ON THE GROWTH OF FUNCTIONS HAVING POLES OR ZEROS ON THE POSITIVE REAL AXIS
H. D. BRUNK 1. Introduction. Let Γ denote the boundary of a region Δ containing a right half of the real axis, and f{z) a function holomorphic in Δ except possibly for simple poles on the positive real axis* Through the residue theorem, the integral makes correspond to f(z) a Dirichlet series whose coefficients are the residues of f (z\ at its poles It is the purpose of this paper to exhibit some immediate applications, using this familiar device, of the theory of asymptotic Dirichlet series to a study of the growth of functions with poles of bounded order, or zeros of at least a certain order, on the positive real axis. Let the poles, or zeros, occur at points z -λ Λ , where 0 < λ n t oc. Theorems 2A and 2B, in §3, relate the growth of leading coefficients in the Laurent developments about the points z -λ n to the growth of f (z) in Δ. Theorems 3A and 3B, in §4, apply to functions of exponential type in the right half-plane outside Δ, satisfying much weaker growth conditions in Δ. Theorem 3A may be thought of as stating that such a function, with a specified rapidity of decrease on the imaginary axis, is holomorphic if it does not have poles of too great order; while Theorems 3A and 3B together may be regarded as saying that if such a function has "zeros" of minimum order too great for its growth on the imaginary axis, poles counting as negative zeros, then it vanishes identically. (The emphasis on this aspect of Theorem 3A and this interpretation of the uniqueness conclusions of Theorems 3A and 3B were suggested by the referee.) let the sequence { M°n \ (n = 1, 2, ) be defined so that log M£ is the greatest monotone, nondecreasing, convex function of n which is not greater than log M n
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Mandelbrojt has shown [6; cf. also 7, §1.8, III -V ] that condition (U) is equivalent to for some positive 77.
If n is a positive integer, the sums Σ^= 1 a^ exp(~λ£s) {m >_ n) are said to represent a function F(s) with logarithmic precision P n (σ) in a region containing points with arbitrarily large real part if for s in that region and for x sufficiently large, (4) inf sup m> n σ> x F(s)~< exp(-p n (x)).
Mandelbrojt has proved [7, §3 7] a theorem relating the growth of the function
F{s) to the growth of the coefficients a n . This theorem contains as a very special case the following theorem, sufficient for the needs of the present paper. 
and e (r) is a nonincr easing^ positive function of r such that
for z exterior to every circle centered at a point z = ± λ n and having radius e(λ B ).
Proof of II. This property of C(z) follows easily from inequalities of
Mandelbroit on the numbers A n [7, §3.3, II] . If 
The integral
f T7i JT:
(z)e-"dz < C 4 exp (α λ n ) exp (-λ n σ).
2πi
-I f(z)e zs dz
GROWTH OF FUNCTIONS therefore also converges, to a function F~(s) holomorphic in σ > Oί, and we have F(s) = F + (s) + F" (s)
; the proof of (17) is complete.
We have also
where L is a uniform bound on the lengths of the curves γ n , and k is a bound on g (%) and on g~(x). Thus if |ί| < Λ, there exists a positive constant -pl (27) lim sup < oo.
n -* oo λ n
The added hypothesis on the curves γ n is not very stringent. In fact, since these curves have uniformly bounded length, and since γ lies to the right of the line x = λ n , there exists such a constant d as is required, if only each of the curves γ n has at least one point within a fixed distance independent of n from the corresponding point z = λ n . One readily verifies that if the sequence { M n \ has the uniqueness property (U), so also does the sequence {M n }. Indeed, p*(σ)= sup (λ n σ -log Mn)
> I
Thus the function / (z) satisfies the hypotheses of Theorem 2. Conclusion (24) applied to the coefficients α^ yields (26) Proof. Let K* denote the curve extending from z « oo along the y-axis to the origin, and along the tf-axis to x = α, and K' the curve traversed from x = a
